The penetration of the magnetic field of an infinitesimal magnetic dipole into a bilayered type-II superconductor/soft-magnet heterostructure is studied on the basis of the classical London approach. The energies associated with the presence of a straight magnetic vortex in the superconductor layer are derived and the critical dipole moment for the first vortex appearance is obtained when the magnetic dipole faces the superconductor or the soft-magnet constituent. This shows that the presence of the latter constituent can lead to an improvement of the superconducting properties of the heterostructure by either inhibiting vortex penetration into the superconductor constituent or enhancing vortex pinning in the superconductor constituent.
Introduction. -Recent progress in microfabrication technology has rendered heterostructures built from superconducting and ferromagnetic materials popular objects of study. This is especially true of heterostructures involving planar superconductors (SCs) and ferromagnetic dots (FDs), which have been thoroughly analysed both experimentally and theoretically (see, e.g., [1] [2] [3] and references therein). Due to the strong magnetic moment of FDs, diverse configurations of magnetic vortices inside a SC layer exist [4] [5] [6] [7] [8] [9] [10] [11] . FDs act as highly effective trapping centres for magnetic vortices too, thus causing an enhancement of vortex pinning and, concomitantly, an increase of the SC critical current and critical field [2, 7, [12] [13] [14] [15] . By contrast, heterostructures composed of superconducting and soft-magnetic materials have been addressed only very recently. As a rule, materials like pure iron, permalloy or crioperm show large values of the relative permeability and narrow hysteresis loops with negligible remanent magnetization; nevertheless, they may greatly improve SC performance by shielding the transport current self-induced magnetic field as well as an externally imposed magnetic field [16] [17] [18] [19] [20] [21] [22] [23] . Here, we examine a configuration which unites features of both these types of heterostructures, recalling that the presence of a soft magnet (SM) next to a type-II SC can strongly enhance the Bean-Livingston barrier against entry of an inhomogeneous magnetic field near the curved interface of a SC/SM heterostructure of finite size, whilst leaving the condition for the first penetration of a homogeneous magnetic field parallel to the flat interface of a SC/SM heterostructure with semi-infinite constituents virtually unchanged [24, 25] . Because of the pronounced inhomogeneity of the FD magnetic field, a similar effect could be anticipated for bilayered SC/SM heterostructures comprehending FDs as well. In order to resolve this point, we study the penetration of the magnetic field of a magnetic dipole (MD) of zero extent (deemed to represent a small FD [6, 7, 12] ) into such a heterostructure, when the MD faces the SC or the SM constituent, adopting the classical London approach. We determine the influence of the thickness and relative permeability of the SM constituent on the interaction between the FD and a single magnetic vortex and explore the condition for the first vortex appearance in the SC constituent.
Theoretical model. -Let us consider an infinitely extended heterostructure made up of a type-II SC layer with thickness d S and a SM layer with thickness d M , the interface between these constituents occupying the plane z = 0 of a Cartesian coordinate system x, y, z, and an infinitesimal MD located at the point (0, 0, a), its moment m being directed towards the heterostructure, as shown in fig. 1 . The magnetic induction b S in the SC constituent obeys the London equation [26] b
with the London penetration depth λ and the source Q. In the Meissner state of the SC constituent, Q = 0; in the presence of a straight magnetic vortex aligned perpendicular to the surface of the SC constituent, Q has only one nonvanishing component given by
Here, L denotes the vorticity, Φ 0 is the quantum of magnetic flux, δ means the Dirac delta function and r v,⊥ marks the position of the vortex in the plane z = 0. Ignoring effects of remanent magnetization, nonlinear dependence of the magnetization on the magnetic field, and finite conductivity, we postulate the relationship b M = µµ 0 h M between the magnetic induction b M and the magnetic field h M in the region occupied by the SM constituent, assuming a (field-independent) relative permeability, µ, as its only material characteristic, apart from the permeability of free space, µ 0 . It proves convenient to decompose the total magnetic field above, or below, the heterostructure according to H ± = H 0 + h ± , where H 0 is the MD field in the absence of the heterostructure and h ± are the magnetic fields induced by the supercurrent. The magnetic fields h M and h ± in the respective regions and the magnetic induction b in the entire space satisfy the Maxwell equations
To avoid complications arising from the proximity effect, we invoke the presence of an insulating, nonmagnetic layer at the SC/SM interface, of thickness much smaller than d S , d M and λ (as observed, e.g., in MgB 2 /Fe composites [22] ), regarding, for mathematical convenience, this layer as infinitesimally thin. Boundary conditions then imply continuity of the tangential component of the magnetic field as well as of the normal component of the magnetic induction when the interface between the SC and the SM is traversed [23] [24] [25] :
Additional requirements are continuity of the magnetic induction on the SC surface adjacent to vacuum and continuity of the tangential component of the magnetic field as well as of the normal component of the magnetic induction on the SM surface adjacent to vacuum [27] . The condition for the first vortex appearance in the SC constituent follows from the Gibbs free energy of the SC/SM heterostructure due to the presence of a single vortex,
Herein, F v is the vortex self-energy given, for the model assumptions stated above, by [25] 
with the magnetic induction b v around the vortex in the SC layer and the scalar potential of the vortex magnetic field outside the SC layer, ψ out , the integrations extending over the volume and, respectively, the surface of the SC layer with outwardly directed normal n; moreover, F dv is the MD-vortex interaction energy given by [27] 
with the vortex magnetic field h v at the location of the MD and the magnetization M generated by the MD itself, the integration extending over the volume of the MD. Minimization of the Gibbs free energy G v with respect to the radial distance of the vortex to the origin of the adopted coordinate system, r v,⊥ , and imposition of the requirement G v = 0 yields the critical dipole moment m c1 for the first vortex appearance in the SC constituent.
Vortex energies and critical dipole moment. -We find in either case of the MD facing the SC or the SM constituent of the SC/SM heterostructure (cf. fig. 1 ), that the vortex self-energy is described by the expression with k = (1 + q 2 ) 1/2 , in which ξ means the coherence length of the SC delineating the radial extent of the vortex core, and
as well as Figure 2 illustrates the calculated dependence of the vortex self-energy F v on the thickness d M and relative permeability µ of the SM constituent, with geometrical and material parameters of the SC constituent prescribed. Evidently, the presence of the SM constituent causes the vortex self-energy to slightly decrease; it turns out that a maximum effect obtains when the thickness of the SC constituent is of the order of the London penetration depth. In contrast to the observation stated before, we find that the interaction between the MD and the magnetic vortex depends characteristically on the position of the MD relative to the SC/SM heterostructure. When the MD faces the SC constituent (cf. fig. 1(a) ), the MD-vortex interaction energy takes the form
with
which shows that F dv,S becomes independent of the parameters of the SM constituent for µ 1; when the MD faces the SM constituent (cf. fig. 1(b) ), the MD-vortex interaction energy takes the form with
which reveals the asymptotic behaviour F dv,M ∼ 1/µ for µ 1. Owing to the Bessel function of first kind and order zero, J 0 , herein, both forms exhibit zero asymptotics for r v,⊥ → ∞, as they should. Figure 3 demonstrates the calculated dependence of the MD-vortex interaction energy F dv on the radial distance of the vortex to the origin of the adopted coordinate system, r v,⊥ , with geometrical and material parameters of the SC/SM heterostructure as well as the distance between the MD and the SC constituent, l, prescribed. This shows -notwithstanding the position of the MD relative to the SC/SM heterostructure-that for the vortex a potential well with its minimum located at r v,⊥ = 0 (i.e. directly underneath the MD) exists, which is shallow and wide for the smaller value of d S , but deep and narrow for the larger value of d S . However, when the MD faces the SC constituent, the MD-vortex interaction energy F dv,S is generally lowered due to the presence of the SM constituent, which therefore promotes pinning of vortices (cf. fig. 3(a) ); when the MD faces the SM constituent, the MD-vortex interaction energy F dv,M is generally raised due to the presence of the SM constituent, which therefore impedes pinning of vortices (cf. fig. 3(b) ).
Given the vortex self-energy and the respective MD-vortex interaction energy, the critical dipole moment for the first vortex appearance follows from the condition G v | r v,⊥ =0 = 0 in either case. Figure 4 elucidates the calculated dependence of the critical dipole moment m c1 on the thickness d M and relative permeability µ of the SM constituent, with geometrical and material parameters of the SC constituent prescribed. Accordingly, when the MD faces the SC constituent, the critical dipole moment m c1,S falls monotonically with increasing thickness or relative permeability of the SM constituent (cf. fig. 4(a) ). This means that the presence of the SM constituent reduces the critical dipole moment and hence facilitates vortex penetration into the SC constituent. By contrast, when the MD faces the SM constituent, the critical dipole moment m c1,M rises monotonically with increasing thickness or relative permeability of the SM constituent, tending to a linear increase for large values of the latter quantity (cf. fig. 4(b) ); behaviour resembling that of a magnetically shielded cylindrical SC filament [24, 25] . Hence, for this position of the MD, the SM layer can significantly inhibit vortex penetration into the SC constituent, preserving the latter in the Meissner state. Suffice it to add that, since all variations shown in figs. 2 and 4 are independent of the vorticity, the same performance exists if a magnetic vortex or a magnetic antivortex with arbitrary vorticity is present in the SC constituent.
As is well known, magnetic vortex-antivortex pairs consisting of a vortex positioned directly underneath the MD and an antivortex located at some radial distance r av,⊥ > 0 from the MD, separated by a potential barrier due to their interaction with the MD, can also be stabilized in the SC constituent due to the inhomogeneity of the MD field [6] . Considering the Gibbs free energy of the SC/SM heterostructure in the presence of such a vortex-antivortex pair with the geometrical and material parameters of the SC constituent used above, we find that the critical dipole moment for the first vortex-antivortex pair appearance is larger than that for the first single vortex appearance. Nevertheless, once such a pair has occurred in the SC constituent, the SM constituent effects the MD-vortex-antivortex interaction energy qualitatively in the same manner as the MD-single vortex interaction energy considered before: it increases the MD-vortex-antivortex interaction energy, and therefore impedes the creation of a vortexantivortex pair, when the MD faces the SM constituent, but decreases this interaction energy, and hence stabilizes the vortex-antivortex pair, when the MD faces the SC constituent.
Conclusion. -We have studied the penetration of the magnetic field of an infinitesimal MD into a bilayered type-II SC/SM heterostructure and calculated the energies as well as the critical dipole moment for the first vortex appearance in the SC constituent. This has shown that the presence of the SM constituent can lead to an improvement of the superconducting properties of the heterostructure. On the one hand, the SM layer facilitates vortex penetration into the SC constituent, when the MD faces the SC constituent, but inhibits vortex penetration into the SC constituent, when the MD faces the SM constituent. On the other hand, the SM layer impedes vortex pinning by the MD, when the MD faces the SM constituent, but enhances vortex pinning by the MD, when the MD faces the SC constituent. Albeit our investigations principally address the idealized case of the MD creating a single, straight magnetic vortex in the SC constituent, they do give reason to suppose that in more realistic situations involving, e.g., vortex-antivortex structures or SC/SM heterostructures in conjunction with FDs of a finite size, similar effects due to the SM constituent could also prevail. * * * Stimulating discussions with Y. A. Genenko are gratefully acknowledged. This study was supported by a research grant from the German Research Foundation (DFG).
